In the present paper, we investigate the majorization properties for certain classes of multivalent analytic functions defined by a new operator. Moreover, we pointed out some new and known consequences of our main result.
Introduction
Let f and g be analytic in the open unit disk U = {z : z ∈ C, |z| < 1}. We say that f is majorized by g in U and write f(z) g(z) (z ∈ U) (1.1)
if there exists a function ϕ, analytic in U such that |ϕ(z)| ≤ 1 and f(z) = ϕ(z)g(z) (z ∈ U).
( 1.2)
It maybe noted here that (1.1) is closely related to the concept of quasi-subordination between analytic functions. Let A p denote the class of functions of the form
which are analytic and multivalent in the open unit disk U. In particular, if p = 1, thenA 1 = A. For functions f j ∈ A p given by
we define the Hadamard product or convolution of two functions f 1 and f 2 by
. Definition 1.1. Let the function f be in the class A p . Ruscheweyh derivative operator is given by
Next we define the following differential operator,
In general,
where (m, n ∈ N 0 = N ∪ {0}, λ 2 ≥ λ 1 ≥ 0). By applying convolution product on (1.6) and (1.7) we have the following operator
Special cases of this operator include:
• the Ruscheweyh derivative operator in the case D
• the Salagean derivative operator in the case D m,0
• the generalized Salagean derivative operator introduced by Al-Oboudi in the case D m,0
• the generalized Ruscheweyh derivative operator in the case D 1,n
• the generalized Al-Shaqsi and Darus derivative operator in the caseD m,n
To further our work, we need to define a class of functions as follows:
Clearly, we have the following relationships: A majorization problem for the class S(γ) has been investigated by Altintas e.tal [5] and for the class S * =S * (0) has been investigated by MacGregor [7] . In the present paper, we investigate a majorization problem for the class S m,p,j
2 Majorization problem for the class S m,p,j
Theorem 2.1. Let the function f ∈ A p and suppose that g ∈ S m,p,j
for |z| ≤ r 0 , (2.1)
is the smallest positive root of the equation
2)
(−1 ≤ B < A ≤ 1; P ∈ N; γ ∈ C − {0}).
Proof. Since g ∈ S
m,p,j λ 1 ,λ 2 ,n [A, B, γ] we find from (1.10) that
(γ ∈ C − 0, j, p ∈ N and p > j), where w is analytic in U with w(0) = 0 and |w(z)| < z (z ∈ U).
From (2.3) we get
By virtue of (2.4) and (2.5) we get
Differentiating it with respect to z and multiplying by z we get
Now by using (2.5) in the above equation, it yields
Thus, by noting that ϕ ∈ Ω satisfies the inequality (see, e.g. Nehari [8] )
and using (2.6) and (2.8) in (2.7), we get
which upon setting |z| = r and |ϕ(z)| = ρ (0 ≤ ρ ≤ 1) leads us to the inequality
where 
is seen to be an increasing function on the interval 0 ≤ ρ ≤ 1 so that
Hence upon setting ρ = 1 in (2.13) we conclude that ( 
where r 3 = r 3 (γ) = 3 + |2γ − 1| − 9 + 2|2γ − 1| + |2γ − 1| 2 2|2γ − 1| .
This is a known result obtained by Altintas [5] .
For γ = 1, the above corollary reduces to the following result:
Corollary 2.2. Let the function f(z) ∈ A be analytic univalent in the open unit disk U and suppose that g ∈ S * = S * (0). If f is majorized by g in U, then
which is a known result obtained by MacGregor [7] .
Some other work related to the class defined by (1.3) can be seen in [9] and of course elsewhere. In fact, recently Ibrahim [10] used the concept of majorization to find solutions of fractional differential equations in the unit disk.
